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Abstract ARTICLEINFO 
This research paper introduces and compares the efficacy of Article history: 
two techniques, namely the Laplace Variational Iteration Received 3 Jul 2023 
Method (LVIM) and the Laplace Homotopy Permutation Revised form 5 Aug 2023 
Method (LHPM), in obtaining approximate solutions for Accepted 5 Sep 2023 
fractional differential equations (FDEs) incorporating the 

Atangana-Baleanu fractional derivative in the Caputo sense Keywords: Laplace Transform; 
(ABCO). The Atangana-Baleanu fractional derivative, a Homotopy Permutation Method; 
specialized form of fractional calculus, offers a more accurate Atangana-Baleanu Operator; 
representation of anomalous diffusion processes. Variational Iteration Method. 


The LVIM and LHPM are employed to tackle fractional 
differential equations, which frequently arise in diverse 
scientific and engineering disciplines. The LVIM combines the 
advantages of the Laplace transform and the variational 
iteration technique to yield a reliable and efficient solution 
strategy. On the other hand, the LHPM integrates the Laplace 
transform and the homotopy permutation technique to address 
the same class of equations. 


This paper provides a_ detailed exposition of both 
methodologies, including their algorithmic frameworks and 
computational procedures. The comparison of the two 
techniques involves assessing their performance — in 
approximating solutions to fractional differential equations 
with the Atangana-Baleanu fractional derivative. The 
obtained results underscore the success of both methods in 
yielding accurate and practical approximate solutions for this 
specific type of fractional differential equation. 
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Introduction 


Fractional differential equations (FDEs) have emerged as a versatile mathematical tool to model a wide 
range of complex phenomena in various scientific and engineering domains. These equations involve 
fractional derivatives, which capture the effects of memory and long-range interactions in dynamical 
systems. The utilization of fractional calculus in problem-solving has been shown to provide more accurate 
representations of anomalous diffusion, viscoelasticity, and other intricate processes that cannot be 
adequately described by classical integer-order derivatives. Among the various types of fractional 
derivatives, the Atangana-Baleanu fractional derivative in the Caputo sense has garnered considerable 
attention due to its ability to address the shortcomings of traditional fractional derivatives in accurately 
capturing non-local effects. As such, the development of effective solution methods for FDEs incorporating 
the Atangana-Baleanu fractional derivative is of paramount importance in advancing the understanding of 
real-world phenomena[1], [2]. 


In this context, this research paper introduces and explores two innovative solution techniques: the Laplace 
Variational Iteration Method (LVIM) and the Laplace Homotopy Permutation Method (LHPM). These 
methods are designed to provide approximate solutions for FDEs featuring the Atangana-Baleanu fractional 
derivative. The LVIM combines the power of the Laplace transform and the variational iteration technique, 
while the LHPM integrates the Laplace transform with the homotopy permutation approach. The primary 
objective of this study is to present a comprehensive comparison of the LVIM and LHPM in terms of their 
capabilities to yield accurate and practical approximate solutions for FDEs incorporating the Atangana- 
Baleanu fractional derivative. By analyzing their algorithmic frameworks, computational procedures, and 
performance metrics, this paper aims to shed light on the strengths and limitations of these methods in 
tackling this specific class of fractional differential equations[3], [4]. 


Through this comparative analysis, researchers and practitioners working on problems involving the 
Atangana-Baleanu fractional derivative can gain insights into selecting suitable solution techniques for their 
applications. Moreover, this research contributes to the broader field of fractional calculus by evaluating the 
efficacy of these emerging methods and highlighting avenues for further refinement and advancement. The 
subsequent sections of this paper provide a detailed exposition of the LVIM and LHPM, followed by a 
presentation of their computational results when applied to representative FDEs with the Atangana-Baleanu 
fractional derivative. The findings of this study underscore the successful applicability of both LVIM and 
LHPM, fostering a deeper understanding of their potential contributions to solving complex fractional 
differential equations in diverse scientific and engineering contexts[5]-[11]. 


In this paper, we apply LVIM, and LHPM to find solution of fractional differential equations with the 
fractional operator Atangana-Baleanu. The order of the paper is as follows: The basic definitions for calculus 
and fractional integration are presented in section 2, the methods used are analyzed in section 3, many 
examples are given that explain the effectiveness of the method proposed in section 4, and finally, the 
conclusion is provided in section 5. 


Basic concepts 
Definition 1 [12], [13]The Atangana-Baleanu-Caputo operator when f € H1(a,b),a > b and forO<a< 
1 is, 
DEF) = OS £0) Ba (- ZG - 9") dx) 
i 1-a 70 es 1-a ’ 
where B(q@) is a function such that B(0) = B(1) = 1. 


Definition 2 [14]Assume set of function, 


Ie | 
AM, 24,22 > 0,|f ()| < Me’i,t € (-1)/ x [0, } 


A = {7 
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Then the Laplace transform over A set 


(oe) 


L(F@) = FU) = |e F@) at. 2) 
0 
The Laplace transform of The Atangana-Baleanu-Caputo operator is given by [13] 


L (DEF) = , B(@) 


—-atas* 


1 
(Fe) - =£(0)) (3) 


Definition 3 [15], [16] The inverse Laplace transform of a function is defined by 
ptico 
le) =fO=s- [ et F)dr6) 
p—ico 
where s is Laplace transform variable and p is a real constant. 
Analysis of LVIM 
Let’s considering FDEs with ABCO 


ACD ou(u,t) + N(u(u,t)) = f(u,7), (6) 
with initial condition u(u, 0) = up(u) , where “?“D is the FABCO, N is the nonlinear operator and f(u,7) 
is a source term. 


We obtain by applying the Laplace transform to Eq.(6) with the stated initial condition 


B(a) 1 
— (ton : 9) = Lif (ut) — N(w)], (7) 


by substituting initial condition of Eq.(8), 
sem ll 1—at+as® 
= <o(H) — Bay — ELF HD — NL @) 
appling variation intretion method 
=u ris” 
B(a@) 


Note that i is the Lagrange multiplier, and since 0 < @ < 1, hence A = —1, we obtain after applying the 
inverse of the Laplace transform to both sides of the equation 


Laas 
Une = MoH) — Lt (SLIM Gn) — FD) 20) 


where we have the initial iteration is u(u,0) = up(), hence 


_ = _ 1 1 
Ting = iy +2 (din — <to(H) + LIN Qn) ~ f7)1) (9) 


UCU, T) = limMy-c0 Ux CU, T). 
Analysis of LHPM 
Subject to the provided initial condition, apply the Laplace transform to Eq.(6). 


1 
a (Hl) - Su) = Ho 4) - N fue 29, 1) 
by substituting initial condition of Eq.(11), 
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_ 1 a 1—a+as® 
a = —uy(x) —- ———_ 
s B(a) 


Taking the inverse of the Laplace transform and applying it to both sides of the equation (12), 


_ re a alae os 
U=Up(4X) +L a LH -—L Boy [u]) ,(13) 


applying homotopy permutation method, 


uy, £)= ye Un (x, £), N[u(x, t)] => 9% (u) 


LN [u] — g), 12) 


where 


Hey Wy Maya tn) = aoa sal) ui(@, A) p= 


Substituting Eq.(14) into Eq.(13) gives us the result that, 


(oe) 1 _ 
De (ot) = G0) —9[ 8 ( 10%3 1, x9) (15) 


on comparing both sides of Eq.(15), the following result is obtained, 
p”: U(x, t) = G(x, t), 


at+as 


1 -1 1 
Pp :uz,@4) = -L (F200) 


—-atas*% 
B(@) 


using the parameter y, we expand the solution in the following form 


1 
pr :Un(x,t) = ( U(b%-s00)). (16) 


u(a,t) = pun (x,t), (17) 


choose p = 1 results in the solution of Eq.(11) 


u(x, 4) = lim 3 pu, (et) = >. Un (x,t) .( 18) 
s n=0 n=0 
Application 


In this part, two nonlinear equations and a linear system will be solved using the LVIM and LHPM 
techniques, with the assumption that B(@) = 1. 
Example 1 Consider the nonlinear equation with the ABCO 
0 (12 a? 
ABC AY (y 7) = —a(7¥ - )w + yaw 0<as1(19) 
depending on the initial condition u(u, 0) = p? 
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Below we present the LVIM, 
applying the LVIM to Eq.(19), we get 
2_ 7-1 ay, (12 12 , 2 
Und, = P-L (a —at+as*)L (= atta — relia Sei tn)) 20 
now, we find the approximate solutions as, 
Up =U’, 


uy, =p? +L4(A—-at+as*)L(u?)) 
= 7 (c —a)t+ “wey} 
I(a +1) 


te 
U2 = 41% a-atas1 (2-0 +a) 


Te 2a 
= (: + (1-—a)(2-—a)+(a(1-—a)+a(2- ) ae —D +), 
and so on. 


Therefore, the series solution u(u, T) of Eq.(19) is given by 


re 2a 
“uu, t).= p? G — 3a+3)+(a- 20°) at @reisa to \ (22) 


when choosing a = 1 in Eq.(22), it becomes 


u(y, T) = (14r4 54,23) 


Now, we present the LHPM, 

applying the LHPM to Eq.(19), we get 

yn-0? Ay — Din= | 
+ Yin=0P" Cn + Vn=0P "Un 
by comparing both sides of the Eq.(24), the following result is obtained, 


Ln=0P"Un =H? — pl ja —at+as®)L || (24) 


Puy =H’, 
pi = hea (6 —atas*)L[p°Ay — p°By + p°Co + puol|, 
gi = Pa —atas*)L[p1A, — p1B, + p'C, + pull, 
by the above algorithms, 


= pe 
Up =U, 


m =W(1-a+a 


Te 


CEE, 
t 


Te 2a 
U2 = Th (« — 265+ 87) + (26 — 26) ean? + &? aera} 
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and so on. 


Therefore, the series solutionu(u, T) of Eq. (19) is given by 
Te 2a 
u(u,T) = w?1(3 — 3a +a?) + (3a — 2a?) 


If we put a > 1 in Eq.(25) , we get the approximate and exact solution 
2 


T T 
u(u,T) = (+5454 ~).@6) 


Ultimately, the exact solution of Eq.(19), 
u(t) = pe". (27) 


ee 2 
ari) Tera)” 


-|.(25) 


Tab.1 The values of Eqs.(22,23,25,26,27) at different values of ¢,x,and a. 


Ug=0.9 Ug=0.9 Ug=1 Upxact ju, _ u;| 
0.0018 0.0000 
0.0232 0.0177 0.0000 


0.0534 


0.2917 0.1490 0.1135 0.0004 


0.2032 


0.4167 0.2610 0.0023 
0.5000 0.5196 0.4062 22 0.0059 


0.5967 
1.0415 0.8395 


0.7083 1.2094 0.9830 0.0358 
0.7917 1.5954 1.3193 0.0640 
0.8333 1.8151 1.5143 0.0836 


0.9167 


1.0000 2.8902 2.5000 0.2183 


—— ¢ at 6 =0.8 
287 |—~¢ at 6 =0.9 
——gatd=1 

—— ¢ at exact 


Fig1. The graphs of Eqs.(31,32,37,38,39) at t,a and p = 1. 
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Example 2 Consider the nonlinear equation with the ABCO 
1 
Det) +5 Uy —utu?=0,0<65 <1 (28) 


with the initial condition u(u,0) = e7#. 
Below we present the LVIM, 


using algorithm of the method, we get 
1 
Una, =e 4% —L1 (a —atas)L G + 5 Un — u)) 29) 
Now, we discover the approximate solutions as follows: 


Up =e #, 


u,;=e — (a —at as*)L(—e")) 


a 


= e¥(2 ata) 


Te 
u, =e 4 —| (1-atas*)L (-e (2 —at “aern) 


a 2a 
=e (c — 3a +a’) + Ga — 2a’) een + 8? navn} (30) 


thus, the approximate solution of Eq.(28) can be written, 


Te Tee 
u(L, T) =e (c —3a+ a?) + (3a = 20. aE + o raat) +::: ) (31) 


when choosing a@ = 1 in Eq.(31), it becomes 
2 


T 
u(u,t) =e 4 (: +T+ a +e i (32) 
Now, we present the LHPM, 
applying the LHPM to Eq.(19), we get 
1 
L[“°¢Dgu(u.t) = -5(u2), tu -v?|, 3) 
by using the inverse Laplace transform to both sides of Eq.(33) and the initial condition, 
mal ype -1 1 a 1 2 2 34 

u(t) = pr +L *11-—atas*)h —ztu du — ue + ult}, (34) 

by applying homotopy permutation method on Eq.(34), 
Ln=0P" Un = W? — pl [1 — a t+ as) [D0 9" An — Lao P"Bn + Lao P"Unl |, (35) 


by comparing both sides of the Eq.(35), the following result is obtained, 


pig =e, 
piu, =L [1 -—a tas) L[pAg — p°By + pu], 
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pu, =L[(1-at+as*)L[p'A, — pB, + ptuy]]. 
By the above algorithms, 


Uo = eH, 


a 


T 
=e H4Ii1— ——- 
cal ( ae T(a + 5) 


Te 2a 
U2 = el (c —26+ 87) + (26 — 257) T(a+1 + 8? mers] , (36) 


and so on. 


Therefore, the series solution u(y, T) of Eq. (28) is given by 
Te 2a 
u(u,tT) =e t Js — 3a + a*) + (3a — 2a’) 


If we put a > 1 in Eq.(37) , we obtain 
2 


T 


u(ut) =e "(1 +o+ 1 ter)= et) = = exp(—y + T). (38) 


Ultimately, the exact solution of Eq.(28). 
u(u,T) = e #*T (39) 


Tab.2 The values of Eqs.(31,32,37,38,39) at different values of T, u, and a 


u T Ug=0.8 Ug=o09 Ug=1 Uexact [Ue = U,| 


0.0417 0.0417 1.2828 1.1279 1.0000 1.0000 0.0000 
0.1250 0.1250 1.3095 1.1422 0.9997 1.0000 0.0003 
0.2083 0.2083 1.3147 1.1468 0.9987 1.0000 0.0013 
0.2500 0.2500 1.3126 1.1466 0.9978 1.0000 0.0022 
0.3333 0.3333 1.3016 1.1426 0.9952 1.0000 0.0048 
0.4167 0.4167 1.2837 1.1343 0.9911 1.0000 0.0089 


0.5000 0.5000 1.2606 1.1224 0.9856 1.0000 0.0144 
0.5833 0.5833 1.2334 1.1074 0.9785 1.0000 0.0215 


0.6250 0.6250 1.2186 1.0989 0.9743 1.0000 0.0257 


0.7083 0.7083 1.1871 1.0800 0.9648 1.0000 0.0352 


0.7917 0.7917 1.1534 1.0590 0.9538 1.0000 0.0462 


0.8750 0.8750 1.1181 1.0362 0.9412 1.0000 0.0588 


0.9167 0.9167 1.1000 1.0242 0.9344 1.0000 0.0656 


1.0000 1.0000 1.0632 0.9992 0.9197 1.0000 0.0803 
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1 
+g at 6 =0.8) 
iL e-¢ats=0.9) 
/+-daté=1 


I-* ¢ at exact 


Fig2. The graphs of Eqs.(31,32,37,38,39) among different values of T,a and pu = 1. 
Example 3 Suppose that the nonlinear system with the ABCO: 
Dru(u,t) -vy,+tv+u= 00<a<il, 

Di v(u,T) — uy 

where 0 < a,4 < 1 with the initial condition 
u(u, 0) = sinh(w), 
v(u, 0) = cosh() . (41) 

Below we present the LVIM, 


We obtain using the method's algorithm 
Uner (UT) = uu, 0) — Lt (1 — a + as) L{Yyn — Ua — Un}), 
Umea (Ht) = V(u,0) +L ((1— A+ AS*)L tun — Yn — Un}), (42) 


Now we discover the approximate solutions as follows: 


Up = sinh(), v9 = cosh(u), 
a 


T 
u, = sinh(w) — cosh() (1 —a+t ama) 


a 
v1, = cosh(n) — sinh(z) (: —A+i : } 


rA+ 1) 
CH= 490 =a) — — aden g— 

ug = sinh(y) + ie TORY | inna = cosh(w)) + a eM eosh(u), 

tall -Doea pt MecaeD - eat «a4 

aad Th 

ere (1-a@)(1 " a(1—4) Mae D aaa —A(1 - ” xa - TarD ne 

+A(1 — @) rary |“ rmatkeD aan trap 

Hence, Eq.(40) has approximate solution is given by 
(1—a)(1- +40) er eee eee 
esa s — YD | sinh) — cosh(q)) + - a ee eee 
tal Dia t+ reaaeD oat «Tea 
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Q-a(1-D +a -D— 


qh 
———~ —A(1 — A”) +401 — A) ———~ 
v = cosh(u) + oo — _) (cosh(u) — sinh(w)) + Ee “ 1) sinh(w) — --. (43) 
tO Tay he eo 


oe Tati) a r(2a+ 1) 
If we put a — | and A—> | in Eq.(43), we recreate the problem solution as below. 


2 


T aa 
u(u,T) = sinh(y) (: eS -) — cosh(1) (+54), 
3 


t 1 
v(u,T) = cosh() (: + 3 + -) — sinh() (: + a Sa (44) 
Now, we present the LHPM, 


applying the LHPM to Eq.(40), we get 


co 


P Un (u,T) = sinh(w) — pl (2 —at+a (=) ) Lita —Uy,- un} 


> Pp v,(u,T) = cosh(u) — pL*|{1— A+ i(=) Livia — VV, - Un} ,(45) 
n=0 
on comparing both sides of the (45) , 


pty Sue, OH, 
p°: Vo = v(x, 0), 


By the above algorithms, 


Up = sinh(u), 
Vo = cosh(), 
u, = —cosh() (1 —-at+a a): 


v, = —sinh(y) (1 —K+ i), 


T(A+1) 
T a 
(1-—a)(—-4) +401 - a) ——~ (1 — a)? + 2a(1 — a2) ———~ 
= y TOE? | inna = cosh) + ae Mcosnu), 
———— ——— 2 
pak 1) Tarh  “tasieD +2" T@atD 
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A 


f=a-n4e-p——_ : 


se (a4 aa 
Y= , M@ +0 | cosh(x) - sinh(q)) + a ATU sinh(y) 
T T 2 T 
VO eee “Tara D Woop 


Therefore, the approximate solution of Eq.(40) is given by 


vn 


T 
u = sinh(w) — cosh( — a _ eee ae ra+ 1) 
= wW{1—-at ora +1) + (sinh(w) — cosh(u)) : wath 
THO Deady. eee 
(1 — a)? + 2a(1 — a2) ——~ 
+ cosh(y) 720 Me+1) foe, 
2 
+o Fed D 
Te 
x (1-a@)( -4) + a(1 —”4) ——~ 
v = cosh(u) — sinh(w) (1 —i+ iar) + (cosh(w) — sinh(2)) y pee 1) 
MOS TGaa “Tere D 
A 
(1-4)? + 241-1) 
+ sinh(u) a ra + 1) +++, (46) 
+a? ——___. 
Ta +1) 


If we put a — 1 and X— 1 in Eq.(46), we get 


2 3 
u(u,T) = sinh(p) (: os ) — cosh(p) (: +4 ~), 


1? 3 
v(u,T) = cosh() (: + 71 + -) — sinh() (: + 3 Se (47) 
This solution is equivalent to the exact solution in closed form: 
u(u,T) = sinh(w) cosh(t) — cosh(p) sinh(t), 


v(u,T) = cosh(p) cosh(u) — sinh(y) sinh() . (48) 
Tab.3 The values of Eq.(43) at different values of Tt, u, and a, i. 


-0.0333 
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I 
——¢ at 6,A =0.8 
—— ¢ at 6,A =0.9 
A ——¢ at 6,A =1 
—— d exact 


HESSoooRS 


Fig3. The graphs of Eq.(43) among different values of T,a@,% and pt = 1. 
Tab.4 The values of Eq.(46) at different values of T, u, and a, i. 


1.0046 1.0452 1.0042 


1.0047 1.0781 0.9798 
1.0926 0.9628 


0.5000 0.5500 1.0116 1.1110 0.9393 1.0013 0.0619 


I 
——y at 6,A =0.8 
——y at 6,A =0.9 
15 ——y at d,rA =1 
—— w exact 


“SecSteecookh eoecoeneeerr™ 


Fig4. The graphs of Eq.(46) among different values of T,a,% and p = 1. 
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Conclusions 


In this study, we have introduced and compared two techniques, the Laplace Variational Iteration Method 
(LVIM) and the Laplace Homotopy Permutation Method (LHPM), for obtaining approximate solutions to 
fractional differential equations (FDEs) featuring the Atangana-Baleanu fractional derivative in the Caputo 
sense. Through a comprehensive analysis of these methods, we have gained valuable insights into their 
strengths and applicability in addressing this specific class of equations. 


Our examination of the LVIM and LHPM has revealed their capacity to provide accurate and practical 
approximate solutions for FDEs with the Atangana-Baleanu fractional derivative. The LVIM capitalizes on 
the synergy between the Laplace transform and the variational iteration technique, allowing for systematic 
approximation of solutions. Similarly, the LHPM's integration of the Laplace transform with the homotopy 
permutation approach demonstrates its efficacy in handling the same type of equations. 


The comparative assessment presented in this paper has highlighted the distinct attributes of both methods. 
While the LVIM offers an elegant framework for iterative refinement of solutions, the LHPM exhibits its 
strengths in permutation-based solutions, enabling the exploration of different solution paths. The decision to 
select between these methods could be influenced by the specific problem context and computational 
resources available. 


As fractional calculus continues to find application in diverse scientific and engineering disciplines, the 
findings of this study serve as a guide for researchers and practitioners when choosing appropriate 
techniques for solving FDEs with the Atangana-Baleanu fractional derivative. Moreover, the successful 
application of LVIM and LHPM in this study indicates their potential contributions to advancing the state- 
of-the-art in tackling complex fractional differential equations. 


In conclusion, the LVIM and LHPM have demonstrated their ability to successfully approximate solutions 
for FDEs involving the Atangana-Baleanu fractional derivative. This research paves the way for further 
investigations, refinements, and extensions of these techniques, ultimately leading to enhanced methods for 
solving intricate mathematical models that arise in various scientific and engineering domains. 


References 


1. H. K. Jassim and M. A. S. Hussain, “On approximate solutions for fractional system of differential 
equations with caputo-fabrizio fractional operator,” Journal of Mathematics and Computer Science, vol. 
23, no. 1, pp. 58-66, 2020, doi: 10.22436/jmcs.023.01.06. 


2. S. K. Abd and M. A. Hussein, “APPROXIMATE SOLUTIONS OF FPDES WITH FRACTIONAL 
DERIVATIVE OF ANTAGANA-BALEANU IN CAPUTO SENSE,” CENTRAL ASIAN JOURNAL 
OF MATHEMATICAL THEORY AND COMPUTER SCIENCES, vol. 4, no. 8, pp. 30-41, 2023, 
[Online]. Available: https://cajmtcs.centralasianstudies.org 


3. H. K. Jassim and M. Abdulshareef Hussein, “A New Approach for Solving Nonlinear Fractional 
Ordinary Differential Equations,’ Mathematics, vol. 11, no. 7, p. 1565, 2023, dot: 
10.3390/math1 1071565. 


4. H.K. Jassim and M. A. Hussein, “A Novel Formulation of the Fractional Derivative with the Order a > 0 
and without the Singular Kernel,’ Mathematics, vol. 10, no. 21, p. 4123, 2022, dot: 
10.3390/math10214123. 


5. M.A. Hussein, “New Approximate Solutions to Fractional Differential Equations with Atangan-Baleanu 
Operator Scientific Research Journal of Multidisciplinary Abbreviated Key Title: Sci. Res. Jr Multidisc,” 
Scientific Research Journal of Multidisciplinary, vol. 2, no. 6, pp. 48-53, Dec. 2022, Accessed: May 19, 
2023. [Online]. Available: https://isrpgroup.org/srjmd/ 


6. M. A. Hussein and H. K. Jassim, “New approximate analytical technique for the solution of two 
dimensional fractional differential equations,” NeuroQuantology, vol. 20, pp. 3690-3705, 2022. 


© 2023,CAJMTCS | CENTRAL ASIAN STUDIES www.centralasianstudies.org ISSN: 2660-5309 | 19 


de 


10. 


11. 


12. 


13. 


14. 


IS: 


16. 


CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES _ Vol: 04 Issue: 09 | Sep 2023 


M. A. Hussein, “Analysis of fractional differential equations with Antagana-Baleanu fractional 
operator,” Mathematics and Computational Sciences, vol. 3, no. 3, pp. 29-39, 2022. 


H. A. Eaued, M. A. Hussein, and A. B. Jaafer, “An Approximation Approach for Solving FPDEs with 
the Atangana-Baleanu Operator,” International Journal of Advances in Engineering and Emerging 
Technology, vol. 13, pp. 130-137, 2022. 


. M.A. Hussein, H. A. Eaued, and A. B. Jaafer, “The Fractional Fokker-Planck Equation Analysis with 


the Caputo-Fabrizio Operator,’ INTERNATIONAL JOURNAL OF MULTIDISCIPLINARY 
RESEARCH AND ANALYSIS, vol. 5, pp. 2881-2883, 2022. 


M. A. Hussein, H. K. Jassim, and A. B. Jaafer, “A New Numerical Solutions of Fractional Differential 
Equations with Atangana-Baleanu operator in Reimann sense,” International Journal of Scientific 
Research and Engineering Development, vol. 5, no. 6, pp. 843-849, 2022. 


M. A. Hussein, “Approximate Methods For Solving Fractional Differential Equations,” Journal of 
Education for Pure Science-University of Thi-Qar, vol. 12, no. 2, pp. 32-40, 2022. 


M. A. Hussein, “A Review on Integral Transforms of Fractional Integral and Derivative,” International 
Academic Journal of Science and Engineering, vol. 9, pp. 52-56, 2022. 


M. A. Hussein, “A review on integral transforms of the fractional derivatives of CaputoFabrizio and 
Atangana-Baleanu,” Eurasian Journal of Media and Communications, vol. 7, pp. 17-23, 2022. 


M. A. Hussein, “A Review on Algorithms of Laplace Adomian Decomposition Method for FPDEs,” 
Scientific Research Journal of Multidisciplinary, vol. 2, pp. 1-10, 2022. 


M. A. Hussein, “A Review on Algorithms of Sumudu Adomian Decomposition Method for FPDEs,” 
Journal of Research in Applied Mathematics, vol. 8, no. 8, 2022. 


Mohammed Abdulshareef Hussein, Hussein Ali Eaued, and Ahmed Bager Jafer, “An approximation 
method to solve FPDEs with Atangana - Baleanu operator,’ IAR Journal of Engineering and 
Technology, vol. 3, no. 5, pp. 7-13, Oct. 2022, Accessed: May 19, 2023. [Online]. Available: 
https://www.researchgate.net/publication/364817899_An_approximation_method_to_solve_FPDEs_wit 
h_Atangana_-_Baleanu_operator 


© 2023,CAJMTCS | CENTRAL ASIAN STUDIES www.centralasianstudies.org ISSN: 2660-5309 | 20 


